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Outline  
Cosmic history for WIMP dark matters 
  - chemical decoupling
  - kinetic decoupling 
Evolution of density perturbations
 - radiation (relativitic matter)
 - matter (non-relativistic matter)
Adiabatic (curvature) v.s. Entropy (isocurvature) perturbation 
 - what is the effect of initial isocurvature perturbations for small scales

WIMP Isocurvature Perturbation
 - how to generate WIMP isocurvature perturbations
Small scale structure
Conclusion



Weakly Interacting Massive Particle (WIMP)
One of promising candidates for dark matter 
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Torsten Bringmann, University of Hamburg !Thermal decoupling of WIMPs

The WIMP temperature
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  Frank D. Steffen   (Max-Planck-Institute for Physics, Munich) Dark Matter Computations

χ̃0
1 LSP Dark Matter: Production, Constraints, Experiments

LSP interaction production constraints experiments

eχ0
1 g, g’ WIMP ← cold • indirect detection (EGRET, GLAST, ...)

weak freeze out neutralino pair annihilation

eχ0
1 eχ0

1 → SM1 SM2

• direct detection (CRESST, EDELWEISS, ...)

elastic neutralino scattering

eχ0
1 A → eχ0

1 A

• prod.@colliders (Tevatron, LHC, ILC, ...)

neutralino pair production

p p → eχ0
1 eχ0

1 ... (Tevatron, LHC)

e+ e− → eχ0
1 eχ0

1 ... (ILC)

[Talk by Manuel Drees]

Ωeχ0
1

= ΩDM is possible!!!

(? natural ?)

27  Frank D. Steffen   (Max-Planck-Institute of Physics, Munich)
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discussion of gravitino/axino dark matter in Sects. 3
and 4 will be more extensive than the one of neutralino
dark matter in Sect. 2, for which numerous excellent
reviews exist such as [19,12,20,21].

2 Neutralino Dark Matter

The lightest neutralino χ̃0
1 appears already in the min-

imal supersymmetric Standard Model (MSSM) as the
lightest mass eigenstate among the four neutralinos be-
ing mixtures of the bino B̃, the wino W̃ , and the neu-
tral higgsinos H̃0

u and H̃0
d . Accordingly, χ̃0

1 is a spin 1/2
fermion with weak interactions only. Its mass meχ0

1
de-

pends on the gaugino mass parameters M1 and M2, on
the ratio of the two MSSM Higgs doublet vacuum ex-
pectation values tanβ, and the higgsino mass param-
eter µ. Expecting meχ0

1
= O(100 GeV), χ̃0

1 is classified
as a weakly interacting massive particle (WIMP).

Motivated by theories of grand unification and su-
pergravity [22], one often assumes universal soft SUSY
breaking parameters at the scale of grand unification
MGUT; cf. [12,20] and references therein. For example,
in the framework of the constrained MSSM (CMSSM),
the gaugino masses, the scalar masses, and the trilin-
ear scalar interactions are assumed to take on the re-
spective universal values m1/2, m0, and A0 at MGUT.
Specifying m1/2, m0, A0, tanβ, and the sign of µ, the
low-energy mass spectrum is given by the renormal-
ization group running from MGUT downwards.

Assuming A0 = 0 for simplicity, the lightest Stan-
dard Model superpartner—or lightest ordinary super-
partner (LOSP)—is either the lightest neutralino χ̃0

1 or
the lighter stau τ̃1, whose mass is denoted by meτ1

. If
the LSP is assumed to be the LOSP, the parameter re-
gion in which meτ1

< meχ0
1

is usually not considered be-
cause of severe upper limits on the abundance of stable
charged particles [4]. However, in gravitino/axino LSP
scenarios, in which the LOSP is the next-to-lightest
supersymmetric particle (NLSP), the τ̃1 LOSP case
is viable and particularly promising for collider phe-
nomenology as will be discussed in Sects. 3 and 4.

In Fig. 1 (from [23]) the dotted (blue in the web ver-
sion) lines show contours of mLOSP in the (m1/2, m0)
plane for A0 = 0, µ > 0, tanβ = 10. Above (be-
low) the dashed line, meχ0

1
< meτ1

(meτ1
< meχ0

1
). The

medium gray and the light gray regions at small m1/2

are excluded respectively by the mass bounds m
eχ±
1

>
94 GeV and mH > 114.4 GeV from chargino and
Higgs searches at LEP [4]. It can be seen that meχ0

1
=

O(100 GeV) appears naturally within the CMSSM.

2.1 Primordial Origin

The χ̃0
1’s were in thermal equilibrium for primordial

temperatures of T > Tf ≃ meχ0
1
/20. At Tf the an-

nihilation rate of the (by then) non-relativistic χ̃0
1’s

becomes smaller than the Hubble rate so that they
decouple from the thermal plasma. Thus, for T ! Tf ,

Fig. 1. Contours of mLOSP (dotted blue lines) and Y dec
LOSP

(solid black lines) in the (m1/2, m0) plane for A0 = 0,
µ > 0, tan β = 10. Above (below) the dashed line,
meχ0

1
< meτ1

(meτ1
< meχ0

1
). The medium gray and the light

gray regions show the LEP bounds m
eχ±
1

> 94 GeV and

mH > 114.4 GeV, respectively [4]. The contours are ob-
tained with the spectrum generator SuSpect 2.34 [24] us-

ing mt = 172.5 GeV and mb(mb)MS = 4.23 GeV, and with
micrOMEGAs 1.37 [25,26]. From [23].

their yield Yeχ0
1
≡ neχ0

1
/s is given by Y dec

eχ0
1

≈ Y eq
eχ0
1

(Tf),

where n(eq)
eχ0
1

is the (equilibrium) number density of χ̃0
1’s

and s = 2π2 g∗S T 3/45 the entropy density. Depend-
ing on details of the χ̃0

1 decoupling, Y dec
eχ0
1

is very sen-

sitive to the mass spectrum and the couplings of the
superparticles. Indeed, convenient computer programs
such as DarkSUSY [27] or micrOMEGAs 1.37 [25,26] are
available which allow for a numerical calculation of the
LOSP decoupling and the resulting thermal relic abun-
dance in a given SUSY model.

The Y dec
LOSP contours shown by the solid black lines

in Fig. 1 illustrate that the χ̃0
1 LSP yield can easily

vary by more than an order of magnitude. Because of
this sensitivity, the associated thermal relic density

Ωeχ0
1
h2 = meχ0

1
Y dec

eχ0
1

s(T0)h2/ρc (3)

agrees with Ω3σ
dmh2 only in narrow regions in the pa-

rameter space; ρc/[s(T0)h2] = 3.6×10−9 GeV [4]. This
can be seen in Fig. 2 (from [28]) where the black strips
indicate the region with 0.087 ≤ Ωeχ0

1
h2 ≤ 0.138.

Remarkably, it is exactly the small width of the
Ωeχ0

1
= Ωdm regions which could help us to identify

χ̃0
1 dark matter. Once sparticles are produced at col-

liders, the data analysis will aim at determinig the
SUSY model realized in nature [29,30]. For the recon-
structed model, a precise calculation of Ωeχ0

1
is possible

assuming a standard thermal history of the Universe.
Because of the sensitivity of Ωeχ0

1
with respect to the

SUSY model, an agreement of the obtained Ωeχ0
1

with
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Weakly Interacting Massive Particle (WIMP)
One of promising candidates for dark matter 
                            

Torsten Bringmann, University of Hamburg !Thermal decoupling of WIMPs
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  Frank D. Steffen   (Max-Planck-Institute for Physics, Munich) Dark Matter Computations

χ̃0
1 LSP Dark Matter: Production, Constraints, Experiments

LSP interaction production constraints experiments

eχ0
1 g, g’ WIMP ← cold • indirect detection (EGRET, GLAST, ...)

weak freeze out neutralino pair annihilation

eχ0
1 eχ0

1 → SM1 SM2

• direct detection (CRESST, EDELWEISS, ...)

elastic neutralino scattering

eχ0
1 A → eχ0

1 A

• prod.@colliders (Tevatron, LHC, ILC, ...)

neutralino pair production

p p → eχ0
1 eχ0

1 ... (Tevatron, LHC)

e+ e− → eχ0
1 eχ0

1 ... (ILC)

[Talk by Manuel Drees]

Ωeχ0
1

= ΩDM is possible!!!

(? natural ?)

27  Frank D. Steffen   (Max-Planck-Institute of Physics, Munich)
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discussion of gravitino/axino dark matter in Sects. 3
and 4 will be more extensive than the one of neutralino
dark matter in Sect. 2, for which numerous excellent
reviews exist such as [19,12,20,21].

2 Neutralino Dark Matter

The lightest neutralino χ̃0
1 appears already in the min-

imal supersymmetric Standard Model (MSSM) as the
lightest mass eigenstate among the four neutralinos be-
ing mixtures of the bino B̃, the wino W̃ , and the neu-
tral higgsinos H̃0

u and H̃0
d . Accordingly, χ̃0

1 is a spin 1/2
fermion with weak interactions only. Its mass meχ0

1
de-

pends on the gaugino mass parameters M1 and M2, on
the ratio of the two MSSM Higgs doublet vacuum ex-
pectation values tanβ, and the higgsino mass param-
eter µ. Expecting meχ0

1
= O(100 GeV), χ̃0

1 is classified
as a weakly interacting massive particle (WIMP).

Motivated by theories of grand unification and su-
pergravity [22], one often assumes universal soft SUSY
breaking parameters at the scale of grand unification
MGUT; cf. [12,20] and references therein. For example,
in the framework of the constrained MSSM (CMSSM),
the gaugino masses, the scalar masses, and the trilin-
ear scalar interactions are assumed to take on the re-
spective universal values m1/2, m0, and A0 at MGUT.
Specifying m1/2, m0, A0, tanβ, and the sign of µ, the
low-energy mass spectrum is given by the renormal-
ization group running from MGUT downwards.

Assuming A0 = 0 for simplicity, the lightest Stan-
dard Model superpartner—or lightest ordinary super-
partner (LOSP)—is either the lightest neutralino χ̃0

1 or
the lighter stau τ̃1, whose mass is denoted by meτ1

. If
the LSP is assumed to be the LOSP, the parameter re-
gion in which meτ1

< meχ0
1

is usually not considered be-
cause of severe upper limits on the abundance of stable
charged particles [4]. However, in gravitino/axino LSP
scenarios, in which the LOSP is the next-to-lightest
supersymmetric particle (NLSP), the τ̃1 LOSP case
is viable and particularly promising for collider phe-
nomenology as will be discussed in Sects. 3 and 4.

In Fig. 1 (from [23]) the dotted (blue in the web ver-
sion) lines show contours of mLOSP in the (m1/2, m0)
plane for A0 = 0, µ > 0, tanβ = 10. Above (be-
low) the dashed line, meχ0

1
< meτ1

(meτ1
< meχ0

1
). The

medium gray and the light gray regions at small m1/2

are excluded respectively by the mass bounds m
eχ±
1

>
94 GeV and mH > 114.4 GeV from chargino and
Higgs searches at LEP [4]. It can be seen that meχ0

1
=

O(100 GeV) appears naturally within the CMSSM.

2.1 Primordial Origin

The χ̃0
1’s were in thermal equilibrium for primordial

temperatures of T > Tf ≃ meχ0
1
/20. At Tf the an-

nihilation rate of the (by then) non-relativistic χ̃0
1’s

becomes smaller than the Hubble rate so that they
decouple from the thermal plasma. Thus, for T ! Tf ,

Fig. 1. Contours of mLOSP (dotted blue lines) and Y dec
LOSP

(solid black lines) in the (m1/2, m0) plane for A0 = 0,
µ > 0, tan β = 10. Above (below) the dashed line,
meχ0

1
< meτ1

(meτ1
< meχ0

1
). The medium gray and the light

gray regions show the LEP bounds m
eχ±
1

> 94 GeV and

mH > 114.4 GeV, respectively [4]. The contours are ob-
tained with the spectrum generator SuSpect 2.34 [24] us-

ing mt = 172.5 GeV and mb(mb)MS = 4.23 GeV, and with
micrOMEGAs 1.37 [25,26]. From [23].

their yield Yeχ0
1
≡ neχ0

1
/s is given by Y dec

eχ0
1

≈ Y eq
eχ0
1

(Tf),

where n(eq)
eχ0
1

is the (equilibrium) number density of χ̃0
1’s

and s = 2π2 g∗S T 3/45 the entropy density. Depend-
ing on details of the χ̃0

1 decoupling, Y dec
eχ0
1

is very sen-

sitive to the mass spectrum and the couplings of the
superparticles. Indeed, convenient computer programs
such as DarkSUSY [27] or micrOMEGAs 1.37 [25,26] are
available which allow for a numerical calculation of the
LOSP decoupling and the resulting thermal relic abun-
dance in a given SUSY model.

The Y dec
LOSP contours shown by the solid black lines

in Fig. 1 illustrate that the χ̃0
1 LSP yield can easily

vary by more than an order of magnitude. Because of
this sensitivity, the associated thermal relic density

Ωeχ0
1
h2 = meχ0

1
Y dec

eχ0
1

s(T0)h2/ρc (3)

agrees with Ω3σ
dmh2 only in narrow regions in the pa-

rameter space; ρc/[s(T0)h2] = 3.6×10−9 GeV [4]. This
can be seen in Fig. 2 (from [28]) where the black strips
indicate the region with 0.087 ≤ Ωeχ0

1
h2 ≤ 0.138.

Remarkably, it is exactly the small width of the
Ωeχ0

1
= Ωdm regions which could help us to identify

χ̃0
1 dark matter. Once sparticles are produced at col-

liders, the data analysis will aim at determinig the
SUSY model realized in nature [29,30]. For the recon-
structed model, a precise calculation of Ωeχ0

1
is possible

assuming a standard thermal history of the Universe.
Because of the sensitivity of Ωeχ0

1
with respect to the

SUSY model, an agreement of the obtained Ωeχ0
1

with

Frank Daniel Steffen Review

discussion of gravitino/axino dark matter in Sects. 3
and 4 will be more extensive than the one of neutralino
dark matter in Sect. 2, for which numerous excellent
reviews exist such as [19,12,20,21].

2 Neutralino Dark Matter

The lightest neutralino χ̃0
1 appears already in the min-

imal supersymmetric Standard Model (MSSM) as the
lightest mass eigenstate among the four neutralinos be-
ing mixtures of the bino B̃, the wino W̃ , and the neu-
tral higgsinos H̃0

u and H̃0
d . Accordingly, χ̃0

1 is a spin 1/2
fermion with weak interactions only. Its mass meχ0

1
de-

pends on the gaugino mass parameters M1 and M2, on
the ratio of the two MSSM Higgs doublet vacuum ex-
pectation values tanβ, and the higgsino mass param-
eter µ. Expecting meχ0

1
= O(100 GeV), χ̃0

1 is classified
as a weakly interacting massive particle (WIMP).

Motivated by theories of grand unification and su-
pergravity [22], one often assumes universal soft SUSY
breaking parameters at the scale of grand unification
MGUT; cf. [12,20] and references therein. For example,
in the framework of the constrained MSSM (CMSSM),
the gaugino masses, the scalar masses, and the trilin-
ear scalar interactions are assumed to take on the re-
spective universal values m1/2, m0, and A0 at MGUT.
Specifying m1/2, m0, A0, tanβ, and the sign of µ, the
low-energy mass spectrum is given by the renormal-
ization group running from MGUT downwards.

Assuming A0 = 0 for simplicity, the lightest Stan-
dard Model superpartner—or lightest ordinary super-
partner (LOSP)—is either the lightest neutralino χ̃0

1 or
the lighter stau τ̃1, whose mass is denoted by meτ1

. If
the LSP is assumed to be the LOSP, the parameter re-
gion in which meτ1

< meχ0
1

is usually not considered be-
cause of severe upper limits on the abundance of stable
charged particles [4]. However, in gravitino/axino LSP
scenarios, in which the LOSP is the next-to-lightest
supersymmetric particle (NLSP), the τ̃1 LOSP case
is viable and particularly promising for collider phe-
nomenology as will be discussed in Sects. 3 and 4.

In Fig. 1 (from [23]) the dotted (blue in the web ver-
sion) lines show contours of mLOSP in the (m1/2, m0)
plane for A0 = 0, µ > 0, tanβ = 10. Above (be-
low) the dashed line, meχ0

1
< meτ1

(meτ1
< meχ0

1
). The

medium gray and the light gray regions at small m1/2

are excluded respectively by the mass bounds m
eχ±
1

>
94 GeV and mH > 114.4 GeV from chargino and
Higgs searches at LEP [4]. It can be seen that meχ0

1
=

O(100 GeV) appears naturally within the CMSSM.

2.1 Primordial Origin

The χ̃0
1’s were in thermal equilibrium for primordial

temperatures of T > Tf ≃ meχ0
1
/20. At Tf the an-

nihilation rate of the (by then) non-relativistic χ̃0
1’s

becomes smaller than the Hubble rate so that they
decouple from the thermal plasma. Thus, for T ! Tf ,

Fig. 1. Contours of mLOSP (dotted blue lines) and Y dec
LOSP

(solid black lines) in the (m1/2, m0) plane for A0 = 0,
µ > 0, tan β = 10. Above (below) the dashed line,
meχ0

1
< meτ1

(meτ1
< meχ0

1
). The medium gray and the light

gray regions show the LEP bounds m
eχ±
1

> 94 GeV and

mH > 114.4 GeV, respectively [4]. The contours are ob-
tained with the spectrum generator SuSpect 2.34 [24] us-

ing mt = 172.5 GeV and mb(mb)MS = 4.23 GeV, and with
micrOMEGAs 1.37 [25,26]. From [23].

their yield Yeχ0
1
≡ neχ0

1
/s is given by Y dec

eχ0
1

≈ Y eq
eχ0
1

(Tf),

where n(eq)
eχ0
1

is the (equilibrium) number density of χ̃0
1’s

and s = 2π2 g∗S T 3/45 the entropy density. Depend-
ing on details of the χ̃0

1 decoupling, Y dec
eχ0
1

is very sen-

sitive to the mass spectrum and the couplings of the
superparticles. Indeed, convenient computer programs
such as DarkSUSY [27] or micrOMEGAs 1.37 [25,26] are
available which allow for a numerical calculation of the
LOSP decoupling and the resulting thermal relic abun-
dance in a given SUSY model.

The Y dec
LOSP contours shown by the solid black lines

in Fig. 1 illustrate that the χ̃0
1 LSP yield can easily

vary by more than an order of magnitude. Because of
this sensitivity, the associated thermal relic density

Ωeχ0
1
h2 = meχ0

1
Y dec

eχ0
1

s(T0)h2/ρc (3)

agrees with Ω3σ
dmh2 only in narrow regions in the pa-

rameter space; ρc/[s(T0)h2] = 3.6×10−9 GeV [4]. This
can be seen in Fig. 2 (from [28]) where the black strips
indicate the region with 0.087 ≤ Ωeχ0

1
h2 ≤ 0.138.

Remarkably, it is exactly the small width of the
Ωeχ0

1
= Ωdm regions which could help us to identify

χ̃0
1 dark matter. Once sparticles are produced at col-

liders, the data analysis will aim at determinig the
SUSY model realized in nature [29,30]. For the recon-
structed model, a precise calculation of Ωeχ0

1
is possible

assuming a standard thermal history of the Universe.
Because of the sensitivity of Ωeχ0

1
with respect to the

SUSY model, an agreement of the obtained Ωeχ0
1

with

[... , Jungman, Kamionkowski, Griest, ’96, ...]

!"#$%&#'( )*+, !'

-./0$12#0/2345

6!7#3+898%::;<#=$#8>#8+###

9?*&@%:#*AB8:8C&8B@D#

!! !" !"!

6E7#F+8G*&>*#HII:>D

#"$"#%& J#'
#(K)

6L7#!> MN&**O*#IB9PD

# J#HI+>9

6!7

6E7

6L7

$=$ J#'Q!#6%R*%S K#%17#T UB>9#&8,?9#NI&#+*R#R*%S#>H%:*#V%&98H:*>W

Cold Thermal Relic

freeze out
m/Tf ~ 20

eq.

Chemical	
  
Decoupling	
  	
  

h�AviTf n�̃ = H(Tf ) h�evi
Tkd
m�̃
nrad = H(Tkd) (2259)

�⇢(t,~x) ⇠
Z

d3k �k(t) � =
2⇡

k
⇢(r) ⇠ 1

r 2.25
(2260)

zc ⇠ 100� 1000 (T = TRH) (2261)

M0 =



4⇡H�3

3
⇢DM

�

aH=1/R

= 1.30⇥ 1011
✓

⌦DMh2

0.112

◆✓

R

Mpc

◆3

Msun (2262)

MUCMH(z) =
1 + zeq
1 + z

M0 (2263)

a =
1

2

✓

⇢0
�⇢0

◆

⇣

1� cos ✓
⌘

, t =
2

MPl

✓

⇢0
�⇢0

◆3/2
⇣

✓ � sin ✓
⌘

,

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55 (2264)

kfs /
r

mDM
Tkd

kmax = kfs (2265)

�⇢

⇢

�

�

�

�

aH=k

! MUCMH (2266)

�k ' ��0
✓

4m2aa
2
⇤

k2

◆

sin

✓

k2

2maa2H(a)
ln
a

a⇤

◆

for a > aRH (2267)

�k ' �
2

3
�0

✓

k

aRHH(aRH)

◆2 a

aRH
for a < aRH (2268)

�flux / h⇢DMi2Local (2269)

MUCMH (�dm)k / a in MD O(1) �0 (1/T�) (2270)

kao = a(Tkd)H(Tkd)

= min

"

⇣ Tkd
MeV

⌘ 1

90pc
,
⇣ 0.01

cs(Tkd)

⌘

 

14

1 + 0.07 ln TkdMeV

!

⇣ Tkd
MeV

⌘ 1

12pc

#

(2271)

331

kcuto↵ = min(kao, kfs) (2286)

ac ' 0.01� 0.001 �c ' 1.7 (2287)

m�01 h�viEWIMP ⌧ h�viWIMP aEQ (2288)

10�3 . �⇢0
⇢0
. 0.3 (UCMH) 0.3 . �⇢0

⇢0
(PBH) (2289)

⇢̇↵ + 3H(⇢↵ + p) = Q↵ (2290)

ds2 ' �(1� 2�)dt2 + a2(1 + 2�)�i jdx idx j (2291)

y⌫LHuN ) y⌫hu⌫LN ) m⌫⌫L⌫cR (2292)

⌫
M⇤
LHuLHu )

⌫hu
M⇤
hu⌫L⌫L ) m⌫⌫L⌫L (2293)

y⌫ = O(10�13) 0⌫2� decay (�L = 2) (2294)

�Ltot = �LL + �LR = 0 (2295)

�LL ! �B (sphaleron) (2296)

W = WMSSM + �SHuHd + f (S)

+ y1LHu�
c +M���

c + y2�NS (2297)
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Weakly Interacting Massive Particle (WIMP)
One of promising candidates for dark matter 
                            

Torsten Bringmann, University of Hamburg !Thermal decoupling of WIMPs

The WIMP temperature
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χ̃0
1 LSP Dark Matter: Production, Constraints, Experiments

LSP interaction production constraints experiments

eχ0
1 g, g’ WIMP ← cold • indirect detection (EGRET, GLAST, ...)

weak freeze out neutralino pair annihilation

eχ0
1 eχ0

1 → SM1 SM2

• direct detection (CRESST, EDELWEISS, ...)

elastic neutralino scattering

eχ0
1 A → eχ0

1 A

• prod.@colliders (Tevatron, LHC, ILC, ...)

neutralino pair production

p p → eχ0
1 eχ0

1 ... (Tevatron, LHC)

e+ e− → eχ0
1 eχ0

1 ... (ILC)

[Talk by Manuel Drees]

Ωeχ0
1

= ΩDM is possible!!!

(? natural ?)

27  Frank D. Steffen   (Max-Planck-Institute of Physics, Munich)

Frank Daniel Steffen Review

discussion of gravitino/axino dark matter in Sects. 3
and 4 will be more extensive than the one of neutralino
dark matter in Sect. 2, for which numerous excellent
reviews exist such as [19,12,20,21].

2 Neutralino Dark Matter

The lightest neutralino χ̃0
1 appears already in the min-

imal supersymmetric Standard Model (MSSM) as the
lightest mass eigenstate among the four neutralinos be-
ing mixtures of the bino B̃, the wino W̃ , and the neu-
tral higgsinos H̃0

u and H̃0
d . Accordingly, χ̃0

1 is a spin 1/2
fermion with weak interactions only. Its mass meχ0

1
de-

pends on the gaugino mass parameters M1 and M2, on
the ratio of the two MSSM Higgs doublet vacuum ex-
pectation values tanβ, and the higgsino mass param-
eter µ. Expecting meχ0

1
= O(100 GeV), χ̃0

1 is classified
as a weakly interacting massive particle (WIMP).

Motivated by theories of grand unification and su-
pergravity [22], one often assumes universal soft SUSY
breaking parameters at the scale of grand unification
MGUT; cf. [12,20] and references therein. For example,
in the framework of the constrained MSSM (CMSSM),
the gaugino masses, the scalar masses, and the trilin-
ear scalar interactions are assumed to take on the re-
spective universal values m1/2, m0, and A0 at MGUT.
Specifying m1/2, m0, A0, tanβ, and the sign of µ, the
low-energy mass spectrum is given by the renormal-
ization group running from MGUT downwards.

Assuming A0 = 0 for simplicity, the lightest Stan-
dard Model superpartner—or lightest ordinary super-
partner (LOSP)—is either the lightest neutralino χ̃0

1 or
the lighter stau τ̃1, whose mass is denoted by meτ1

. If
the LSP is assumed to be the LOSP, the parameter re-
gion in which meτ1

< meχ0
1

is usually not considered be-
cause of severe upper limits on the abundance of stable
charged particles [4]. However, in gravitino/axino LSP
scenarios, in which the LOSP is the next-to-lightest
supersymmetric particle (NLSP), the τ̃1 LOSP case
is viable and particularly promising for collider phe-
nomenology as will be discussed in Sects. 3 and 4.

In Fig. 1 (from [23]) the dotted (blue in the web ver-
sion) lines show contours of mLOSP in the (m1/2, m0)
plane for A0 = 0, µ > 0, tanβ = 10. Above (be-
low) the dashed line, meχ0

1
< meτ1

(meτ1
< meχ0

1
). The

medium gray and the light gray regions at small m1/2

are excluded respectively by the mass bounds m
eχ±
1

>
94 GeV and mH > 114.4 GeV from chargino and
Higgs searches at LEP [4]. It can be seen that meχ0

1
=

O(100 GeV) appears naturally within the CMSSM.

2.1 Primordial Origin

The χ̃0
1’s were in thermal equilibrium for primordial

temperatures of T > Tf ≃ meχ0
1
/20. At Tf the an-

nihilation rate of the (by then) non-relativistic χ̃0
1’s

becomes smaller than the Hubble rate so that they
decouple from the thermal plasma. Thus, for T ! Tf ,

Fig. 1. Contours of mLOSP (dotted blue lines) and Y dec
LOSP

(solid black lines) in the (m1/2, m0) plane for A0 = 0,
µ > 0, tan β = 10. Above (below) the dashed line,
meχ0

1
< meτ1

(meτ1
< meχ0

1
). The medium gray and the light

gray regions show the LEP bounds m
eχ±
1

> 94 GeV and

mH > 114.4 GeV, respectively [4]. The contours are ob-
tained with the spectrum generator SuSpect 2.34 [24] us-

ing mt = 172.5 GeV and mb(mb)MS = 4.23 GeV, and with
micrOMEGAs 1.37 [25,26]. From [23].

their yield Yeχ0
1
≡ neχ0

1
/s is given by Y dec

eχ0
1

≈ Y eq
eχ0
1

(Tf),

where n(eq)
eχ0
1

is the (equilibrium) number density of χ̃0
1’s

and s = 2π2 g∗S T 3/45 the entropy density. Depend-
ing on details of the χ̃0

1 decoupling, Y dec
eχ0
1

is very sen-

sitive to the mass spectrum and the couplings of the
superparticles. Indeed, convenient computer programs
such as DarkSUSY [27] or micrOMEGAs 1.37 [25,26] are
available which allow for a numerical calculation of the
LOSP decoupling and the resulting thermal relic abun-
dance in a given SUSY model.

The Y dec
LOSP contours shown by the solid black lines

in Fig. 1 illustrate that the χ̃0
1 LSP yield can easily

vary by more than an order of magnitude. Because of
this sensitivity, the associated thermal relic density
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agrees with Ω3σ
dmh2 only in narrow regions in the pa-

rameter space; ρc/[s(T0)h2] = 3.6×10−9 GeV [4]. This
can be seen in Fig. 2 (from [28]) where the black strips
indicate the region with 0.087 ≤ Ωeχ0

1
h2 ≤ 0.138.

Remarkably, it is exactly the small width of the
Ωeχ0

1
= Ωdm regions which could help us to identify

χ̃0
1 dark matter. Once sparticles are produced at col-

liders, the data analysis will aim at determinig the
SUSY model realized in nature [29,30]. For the recon-
structed model, a precise calculation of Ωeχ0

1
is possible

assuming a standard thermal history of the Universe.
Because of the sensitivity of Ωeχ0

1
with respect to the

SUSY model, an agreement of the obtained Ωeχ0
1

with
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discussion of gravitino/axino dark matter in Sects. 3
and 4 will be more extensive than the one of neutralino
dark matter in Sect. 2, for which numerous excellent
reviews exist such as [19,12,20,21].
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the ratio of the two MSSM Higgs doublet vacuum ex-
pectation values tanβ, and the higgsino mass param-
eter µ. Expecting meχ0

1
= O(100 GeV), χ̃0

1 is classified
as a weakly interacting massive particle (WIMP).

Motivated by theories of grand unification and su-
pergravity [22], one often assumes universal soft SUSY
breaking parameters at the scale of grand unification
MGUT; cf. [12,20] and references therein. For example,
in the framework of the constrained MSSM (CMSSM),
the gaugino masses, the scalar masses, and the trilin-
ear scalar interactions are assumed to take on the re-
spective universal values m1/2, m0, and A0 at MGUT.
Specifying m1/2, m0, A0, tanβ, and the sign of µ, the
low-energy mass spectrum is given by the renormal-
ization group running from MGUT downwards.

Assuming A0 = 0 for simplicity, the lightest Stan-
dard Model superpartner—or lightest ordinary super-
partner (LOSP)—is either the lightest neutralino χ̃0

1 or
the lighter stau τ̃1, whose mass is denoted by meτ1

. If
the LSP is assumed to be the LOSP, the parameter re-
gion in which meτ1

< meχ0
1

is usually not considered be-
cause of severe upper limits on the abundance of stable
charged particles [4]. However, in gravitino/axino LSP
scenarios, in which the LOSP is the next-to-lightest
supersymmetric particle (NLSP), the τ̃1 LOSP case
is viable and particularly promising for collider phe-
nomenology as will be discussed in Sects. 3 and 4.
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Fig. 1. Contours of mLOSP (dotted blue lines) and Y dec
LOSP

(solid black lines) in the (m1/2, m0) plane for A0 = 0,
µ > 0, tan β = 10. Above (below) the dashed line,
meχ0

1
< meτ1

(meτ1
< meχ0

1
). The medium gray and the light

gray regions show the LEP bounds m
eχ±
1

> 94 GeV and

mH > 114.4 GeV, respectively [4]. The contours are ob-
tained with the spectrum generator SuSpect 2.34 [24] us-

ing mt = 172.5 GeV and mb(mb)MS = 4.23 GeV, and with
micrOMEGAs 1.37 [25,26]. From [23].
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available which allow for a numerical calculation of the
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dance in a given SUSY model.

The Y dec
LOSP contours shown by the solid black lines

in Fig. 1 illustrate that the χ̃0
1 LSP yield can easily

vary by more than an order of magnitude. Because of
this sensitivity, the associated thermal relic density

Ωeχ0
1
h2 = meχ0

1
Y dec

eχ0
1

s(T0)h2/ρc (3)

agrees with Ω3σ
dmh2 only in narrow regions in the pa-

rameter space; ρc/[s(T0)h2] = 3.6×10−9 GeV [4]. This
can be seen in Fig. 2 (from [28]) where the black strips
indicate the region with 0.087 ≤ Ωeχ0

1
h2 ≤ 0.138.

Remarkably, it is exactly the small width of the
Ωeχ0

1
= Ωdm regions which could help us to identify

χ̃0
1 dark matter. Once sparticles are produced at col-

liders, the data analysis will aim at determinig the
SUSY model realized in nature [29,30]. For the recon-
structed model, a precise calculation of Ωeχ0

1
is possible

assuming a standard thermal history of the Universe.
Because of the sensitivity of Ωeχ0

1
with respect to the

SUSY model, an agreement of the obtained Ωeχ0
1

with

[... , Jungman, Kamionkowski, Griest, ’96, ...]

!"#$%&#'( )*+, !'

-./0$12#0/2345

6!7#3+898%::;<#=$#8>#8+###

9?*&@%:#*AB8:8C&8B@D#

!! !" !"!

6E7#F+8G*&>*#HII:>D

#"$"#%& J#'
#(K)

6L7#!> MN&**O*#IB9PD

# J#HI+>9

6!7

6E7

6L7

$=$ J#'Q!#6%R*%S K#%17#T UB>9#&8,?9#NI&#+*R#R*%S#>H%:*#V%&98H:*>W

Cold Thermal Relic

freeze out
m/Tf ~ 20

eq.

KineOc	
  
Decoupling	
  	
  

h�AviTf n�̃ = H(Tf ) h�evi
Tkd
m�̃
nrad = H(Tkd) (2259)

�⇢(t,~x) ⇠
Z

d3k �k(t) � =
2⇡

k
⇢(r) ⇠ 1

r 2.25
(2260)

zc ⇠ 100� 1000 (T = TRH) (2261)

M0 =



4⇡H�3

3
⇢DM

�

aH=1/R

= 1.30⇥ 1011
✓

⌦DMh2

0.112

◆✓

R

Mpc

◆3

Msun (2262)

MUCMH(z) =
1 + zeq
1 + z

M0 (2263)

a =
1

2

✓

⇢0
�⇢0

◆

⇣

1� cos ✓
⌘

, t =
2

MPl

✓

⇢0
�⇢0

◆3/2
⇣

✓ � sin ✓
⌘

,

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55 (2264)

kfs /
r

mDM
Tkd

kmax = kfs (2265)

�⇢

⇢

�

�

�

�

aH=k

! MUCMH (2266)

�k ' ��0
✓

4m2aa
2
⇤

k2

◆

sin

✓

k2

2maa2H(a)
ln
a

a⇤

◆

for a > aRH (2267)

�k ' �
2

3
�0

✓

k

aRHH(aRH)

◆2 a

aRH
for a < aRH (2268)

�flux / h⇢DMi2Local (2269)

MUCMH (�dm)k / a in MD O(1) �0 (1/T�) (2270)

kao = a(Tkd)H(Tkd)

= min

"

⇣ Tkd
MeV

⌘ 1

90pc
,
⇣ 0.01

cs(Tkd)

⌘

 

14

1 + 0.07 ln TkdMeV

!

⇣ Tkd
MeV

⌘ 1

12pc

#

(2271)

331

h�AviTf n�̃ = H(Tf ) h�eviTkd
Tkd
m�̃
nrad = H(Tkd) (2259)

�⇢(t,~x) ⇠
Z

d3k �k(t) � =
2⇡

k
⇢(r) ⇠ 1

r 2.25
(2260)

zc ⇠ 100� 1000 (T = TRH) (2261)

M0 =



4⇡H�3

3
⇢DM

�

aH=1/R

= 1.30⇥ 1011
✓

⌦DMh2

0.112

◆✓

R

Mpc

◆3

Msun (2262)

MUCMH(z) =
1 + zeq
1 + z

M0 (2263)

a =
1

2

✓

⇢0
�⇢0

◆

⇣

1� cos ✓
⌘

, t =
2

MPl

✓

⇢0
�⇢0

◆3/2
⇣

✓ � sin ✓
⌘

,

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55 (2264)

kfs /
r

mDM
Tkd

kmax = kfs (2265)

�⇢

⇢

�

�

�

�

aH=k

! MUCMH (2266)

�k ' ��0
✓

4m2aa
2
⇤

k2

◆

sin

✓

k2

2maa2H(a)
ln
a

a⇤

◆

for a > aRH (2267)

�k ' �
2

3
�0

✓

k

aRHH(aRH)

◆2 a

aRH
for a < aRH (2268)

�flux / h⇢DMi2Local (2269)

MUCMH (�dm)k / a in MD O(1) �0 (1/T�) (2270)

kao = a(Tkd)H(Tkd)

= min

"

⇣ Tkd
MeV

⌘ 1

90pc
,
⇣ 0.01

cs(Tkd)

⌘

 

14

1 + 0.07 ln TkdMeV

!

⇣ Tkd
MeV

⌘ 1

12pc

#

(2271)

331

h�AviTf n�̃ = H(Tf ) h�eviTkd
Tkd
m�̃
nrad = H(Tkd) (2259)

h�evi ⇠
1

m2�

h�avi ⇠
1

m2�̃
(2260)

�⇢(t,~x) ⇠
Z

d3k �k(t) � =
2⇡

k
⇢(r) ⇠ 1

r 2.25
(2261)

zc ⇠ 100� 1000 (T = TRH) (2262)

M0 =



4⇡H�3

3
⇢DM

�

aH=1/R

= 1.30⇥ 1011
✓

⌦DMh2

0.112

◆✓

R

Mpc

◆3

Msun (2263)

MUCMH(z) =
1 + zeq
1 + z

M0 (2264)

a =
1

2

✓

⇢0
�⇢0

◆

⇣

1� cos ✓
⌘

, t =
2

MPl

✓

⇢0
�⇢0

◆3/2
⇣

✓ � sin ✓
⌘

,

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55 (2265)

kfs /
r

mDM
Tkd

kmax = kfs (2266)

�⇢

⇢

�

�

�

�

aH=k

! MUCMH (2267)

�k ' ��0
✓

4m2aa
2
⇤

k2

◆

sin

✓

k2

2maa2H(a)
ln
a

a⇤

◆

for a > aRH (2268)

�k ' �
2

3
�0

✓

k

aRHH(aRH)

◆2 a

aRH
for a < aRH (2269)

�flux / h⇢DMi2Local (2270)

MUCMH (�dm)k / a in MD O(1) �0 (1/T�) (2271)

331

h�AviTf n�̃ = H(Tf ) h�eviTkd
Tkd
m�̃
nrad = H(Tkd) (2259)

h�evi ⇠
1

m2�

h�avi ⇠
1

m2�̃
(2260)

for m� ⌧ m�̃ (2261)

�⇢(t,~x) ⇠
Z

d3k �k(t) � =
2⇡

k
⇢(r) ⇠ 1

r 2.25
(2262)

zc ⇠ 100� 1000 (T = TRH) (2263)

M0 =



4⇡H�3

3
⇢DM

�

aH=1/R

= 1.30⇥ 1011
✓

⌦DMh2

0.112

◆✓

R

Mpc

◆3

Msun (2264)

MUCMH(z) =
1 + zeq
1 + z

M0 (2265)

a =
1

2

✓

⇢0
�⇢0

◆

⇣

1� cos ✓
⌘

, t =
2

MPl

✓

⇢0
�⇢0

◆3/2
⇣

✓ � sin ✓
⌘

,

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55 (2266)

kfs /
r

mDM
Tkd

kmax = kfs (2267)

�⇢

⇢

�

�

�

�

aH=k

! MUCMH (2268)

�k ' ��0
✓

4m2aa
2
⇤

k2

◆

sin

✓

k2

2maa2H(a)
ln
a

a⇤

◆

for a > aRH (2269)

�k ' �
2

3
�0

✓

k

aRHH(aRH)

◆2 a

aRH
for a < aRH (2270)

�flux / h⇢DMi2Local (2271)

331

h�AviTf n�̃ = H(Tf ) h�eviTkd
Tkd
m�̃
nrad = H(Tkd) (2259)

n�̃ ⌧ nrad for T ⌧ m�̃ (2260)

l (2261)

l̄ (2262)

Aµ (2263)

⌫ (2264)

⌫̄ (2265)

h�evi ⇠
1

m2�

h�avi ⇠
1

m2�̃
(2266)

h�e (2267)

for m� ⌧ m�̃ (2268)

�⇢(t,~x) ⇠
Z

d3k �k(t) � =
2⇡

k
⇢(r) ⇠ 1

r 2.25
(2269)

zc ⇠ 100� 1000 (T = TRH) (2270)

M0 =



4⇡H�3

3
⇢DM

�

aH=1/R

= 1.30⇥ 1011
✓

⌦DMh2

0.112

◆✓

R

Mpc

◆3

Msun (2271)

MUCMH(z) =
1 + zeq
1 + z

M0 (2272)

a =
1

2

✓

⇢0
�⇢0

◆

⇣

1� cos ✓
⌘

, t =
2

MPl

✓

⇢0
�⇢0

◆3/2
⇣

✓ � sin ✓
⌘

,

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55 (2273)

kfs /
r

mDM
Tkd

kmax = kfs (2274)

331

h�AviTf n�̃ = H(Tf ) h�eviTkd
Tkd
m�̃
nrad = H(Tkd) (2259)

n�̃ ⌧ nrad for T ⌧ m�̃ Tkd ⌧ Tfo (2260)

l (2261)

l̄ (2262)

Aµ (2263)

⌫ (2264)

⌫̄ (2265)

h�evi ⇠
1

m2�

h�avi ⇠
1

m2�̃
(2266)

h�e (2267)

for m� ⌧ m�̃ (2268)

�⇢(t,~x) ⇠
Z

d3k �k(t) � =
2⇡

k
⇢(r) ⇠ 1

r 2.25
(2269)

zc ⇠ 100� 1000 (T = TRH) (2270)

M0 =



4⇡H�3

3
⇢DM

�

aH=1/R

= 1.30⇥ 1011
✓

⌦DMh2

0.112

◆✓

R

Mpc

◆3

Msun (2271)

MUCMH(z) =
1 + zeq
1 + z

M0 (2272)

a =
1

2

✓

⇢0
�⇢0

◆

⇣

1� cos ✓
⌘

, t =
2

MPl

✓

⇢0
�⇢0

◆3/2
⇣

✓ � sin ✓
⌘

,

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55

✓

�⇢

⇢

◆

a=amax

=
9⇡2

16
= 5.55 (2273)

kfs /
r

mDM
Tkd

kmax = kfs (2274)

331

kcuto↵ = min(kao, kfs) (2286)

ac ' 0.01� 0.001 �c ' 1.7 (2287)

m�01 h�viEWIMP ⌧ h�viWIMP aEQ (2288)

10�3 . �⇢0
⇢0
. 0.3 (UCMH) 0.3 . �⇢0

⇢0
(PBH) (2289)

⇢̇↵ + 3H(⇢↵ + p) = Q↵ (2290)

ds2 ' �(1� 2�)dt2 + a2(1 + 2�)�i jdx idx j (2291)

y⌫LHuN ) y⌫hu⌫LN ) m⌫⌫L⌫cR (2292)

⌫
M⇤
LHuLHu )

⌫hu
M⇤
hu⌫L⌫L ) m⌫⌫L⌫L (2293)

y⌫ = O(10�13) 0⌫2� decay (�L = 2) (2294)

�Ltot = �LL + �LR = 0 (2295)

�LL ! �B (sphaleron) (2296)

W = WMSSM + �SHuHd + f (S)

+ y1LHu�
c +M���

c + y2�NS (2297)
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Ñ + Ñ⇤ T ⌧ mÑ N + N̄ exp(�mN/T ) (2298)

Le↵ =
y1y2
M�
SLHuN ) m⌫ =

y1y2hSi
M�

vu (2299)

X̃ + X̃c ! NN̄ (2300)

very suppressed

µ

fa
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Weakly Interacting Massive Particle (WIMP)
What are the effects of late time kinetic decoupling ?                            
 - Possibility of direct detection of DM (from large elastic scattering with baryons)

 - Effects on CMB spectrum, 21cm power spectrum (from large scattering with 
radiations/baryons)

 - Suppression of small scales (from acoustic damping of DM density perturbation) 

Tashiro, Kadota, Silk 2014
Ali-Haïmoud, Chluba, Kamionkowski, 2015, etc

Green, Hofmann, Schwarz, 2004 
Loeb and M. Zaldarriaga 2005

Bertschinger 2006
Profumo, Sigurdson, Kamionkowski 2006

Bringmann, Hofmann 2007

Many references 
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Evolution of density perturbation
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Evolution of density perturbation
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Evolution of density perturbation
                            Q. If there is strong elastic scattering between non-relativistic matter 

and relativistic matter, how do the perturbations change ?  
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Evolution of density perturbation
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Q. If there is strong elastic scattering between non-relativistic matter 
and relativistic matter, how do the perturbations change ?  



Adiabatic (curvature) vs Entropy (isocurvature) perturbation

Perturbation during kinetic equilibrium  : Adiabatic evolution
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It is not obvious that the intrinsic entropy perturbation
for a single scalar field, obtained from Eq. (23),

S =
2Vϕ

3ϕ̇2(3Hϕ̇+ 2Vϕ)

[

ϕ̇
(

˙δϕ− ϕ̇A
)

− ϕ̈δϕ
]

, (28)

should vanish on large scales. Because the scalar field
obeys a second-order equation of motion, its general so-
lution contains two arbitrary constants of integration,
which can describe both adiabatic and entropy perturba-
tions. However S for a single scalar field is proportional
to the comoving density perturbation given in Eq. (10),
and this in turn is related to the metric perturbation, Ψ,
via Eq. (14), so that [39]

S = −
Vϕ

6πGϕ̇2[3Hϕ̇+ 2Vϕ]

(

k2

a2
Ψ

)

. (29)

In the absence of anisotropic stresses, Ψ must be of order
AQ, by Eq. (11), and hence the non-adiabatic pressure
becomes small on large scales [6,39,10]. The amplitude of
the asymptotic solution for the scalar field at late times
(and hence large scales) during inflation thus determines
the amplitude of an adiabatic perturbation.

The change in the comoving curvature perturbation is
given by

Ṙ =
H

Ḣ

k2

a2
Ψ , (30)

and hence the rate of change of the curvature perturba-
tion, given by d lnR/d ln a ∼ (k/aH)2, becomes negligi-
ble on large scales during single-field inflation.

C. Two fields

In this section we will consider two interacting scalar
fields, φ ≡ ϕ1 and χ ≡ ϕ2. The analysis developed here
should be straightforward to extend to include additional
scalar fields, but we do not expect to see any qualitatively
new features in this case, so for clarity we restrict our
discussion here to two fields.

In order to clarify the role of adiabatic and entropy
perturbations, their evolution and their inter-relation, we
define new adiabatic and entropy fields by a rotation in
field space. The “adiabatic field”, σ, represents the path
length along the classical trajectory, such that

σ̇ = (cos θ)φ̇+ (sin θ)χ̇ , (31)

where

cos θ =
φ̇

√

φ̇2 + χ̇2

, sin θ =
χ̇

√

φ̇2 + χ̇2

. (32)

This definition, plus the original equations of motion for
φ and χ, give

σ̈ + 3Hσ̇ + Vσ = 0 , (33)

where

Vσ = (cos θ)Vφ + (sin θ)Vχ . (34)

As illustrated in Fig. 1, δσ is the component of the
two-field perturbation vector along the direction of the
background fields’ evolution. Conversely, fluctuations or-

δσ

Background trajectory

Perturbationδχ

δs

δφθ

χ

φ
FIG. 1. An illustration of the decomposition of an arbi-

trary perturbation into an adiabatic (δσ) and entropy (δs)
component. The angle of the tangent to the background tra-
jectory is denoted by θ. The usual perturbation decomposi-
tion, along the φ and χ axes, is also shown.

thogonal to the background classical trajectory represent
non-adiabatic perturbations, and we define the “entropy
field”, s, such that

δs = (cos θ)δχ− (sin θ)δφ . (35)

From this definition, it follows that s =constant along
the classical trajectory, and hence entropy perturbations
are automatically gauge-invariant [40]. Perturbations in
δσ, with δs = 0, describe adiabatic field perturbations,
and this is why we refer to σ as the “adiabatic field”.

The total momentum of the two-field system, given by
Eq. (9), is then

δq,i = −φ̇δφ,i − χ̇δχ,i = −σ̇δσ,i , (36)

and the comoving curvature perturbation in Eq. (17) is
given by

R = ψ + H

(

φ̇δφ+ χ̇δχ

φ̇2 + χ̇2

)

,

= ψ +
H

σ̇
δσ . (37)

4

= pert. of entropy per particle
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  = isocurvature pert. 
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Adiabatic (curvature) vs Entropy (isocurvature) perturbation

If there is an initial isocurvature perturbation for Non-Rel. matter ?

The isocur. component is not damped, and can grow to make substructures.    
Peebles and his colleagues developed the baryon isocurvature perturbation model 
for structure formation
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Adiabatic (curvature) vs Entropy (isocurvature) perturbation

WIMPs are thermally produced, so that the initial isocurvature perturbation is 
absent. Consequently, the scales that enter the horizon before kinetic 
decoupling are all suppressed : smallest scale for gravitationally bound 
objects ( Rcut )  
 

Not always true. It depends on the history of the universe. There is a way to 
generate isocurvature perturbations for   1/k < 1/kkd during kinetic 
equilibrium  :  ENTROPY INJECTION 
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WIMP isocurvature perturbation
How to generate an additional entropy ? 
Out of equilibrium decay of heavy particles, e.g. low reheating temperature  
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WIMP isocurvature perturbation
Ex. The evolution of isocurvature perturbation for the scales that enter the 
horizon before freeze-out.

1) [early MD] Before chemical freeze-out ( T > Tfr )      
  - DM are still produced from thermal bath – No isocur. pert. is generated 

2) [early MD] Before radiation domination starts  ( Tfr > T > Treh  )  
  - DM number is fixed, entropy injection during early MD generates the isocur. pert.

3) [RD] Before kinetic decoupling ( Treh > T > Tkd )  
   - the generated isocur. pert. becomes constant, and the adiabatic component  
oscillates and is damped through kinetic decoupling

4) [RD] After kinetic decoupling (Tkd > T)    
  - the isocur. pert. and the additional small logarithim contribution exists for DM
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�rad, Ṡ = 0 (2306)

S = �� ln
✓

nrad + �nrad
nmat

◆

(2307)

during kinetic eq., ✓mat = ✓rad (2308)

(in tight coupling limit) (2309)

S =
�nmat
nmat

� �nrad
nrad

= �� ln
✓

nrad
nmat

◆

(2310)

If ⇢mat = ⇢
0
mata

�3, ⇢rad = ⇢0rada
�4 ) �mat =

3

4
�rad = �3

�a

a
) S = 0 (2311)

S / �
✓

nbaryon
nphoton

◆

(2312)

�dm ' S =
5

4
�i

✓

k

kreh

◆2

for k�1fr < k
�1 ⌧ k�1reh (2313)
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Ṡ 6= 0 (during kinetic eq. and SD) (2319)

Only for adiabatic modes (2320)

Again, only for adiabatic modes (2321)

334

!∆dm""0! at a#10aeq

!∆dm""0! at a#100akd

0.001 0.01 0.1 1 10 100
0.01

1

100

104

k"kreh

!∆
d

m
""

0
!

3

»dradêFi»»ddmêFi»»Sê3Fi»

1 10 100 1000 104 105 106
-5

0

5

10

15

20

25

30

scale factor HaêaiL

»dêF
i»

»dradêFi»»ddmêFi»»Sê3Fi»

1 10 100 1000 104 105 106
-5

0

5

10

15

20

scale factor HaêaiL

»dêF
i»

»dradêFi»»ddmêFi»»Sê3Fi»

1 10 100 1000 104 105 106
-20

0

20

40

60

scale factor HaêaiL

»dêF
i»

FIG. 2: The evolution of the density contrast of the radiation (red), DM (blue) and the isocurvature perturbation (brown)
with respect to the initial gravitational potential for k�1

kd < k�1 (left), k�1
reh < k�1 < k�1

kd (middle), and k�1
fr < k�1 < k�1

reh
(right).

ing dependent on model due to the di↵erent momentum
dependence of �e.

The 00 component of the perturbed Einstein equation
governs the evolution of the metric perturbations,

�

a2
 � 3H

⇣
 ̇+H�

⌘
=

1

2m2

Pl

(⇢��� + ⇢r�r + ⇢m�m) .

(17)
In the absence of the anisotropic tensor, we can set � =  
which then closes the above set of equations. This is
possible since � and radiation which dominate the en-
ergy density are isotropic in our setup. Note that the
e↵ects of the anisotropic shear and non-vanishing sound
speed of DM, cs ⇠ p

T/M , can be important after ki-
netic decoupling for scales smaller than the free stream-
ing length k�1

fr

. In [15], it is shown that when the free
streaming length is much shorter than the scale k�1

kd

that
enter the horizon at the moment of kinetic decoupling, we
can take an approximation that solving the Boltzmann
equations first in perfect fluid limit while maintaining
the elastic scattering, and then multiplying the solution
by the Gaussian suppression term. Actually this limit is
also physically interesting, because two di↵erent damping
scales can be more clearly distinguished.

In this article, we consider the hierarchies among scales
as k�1

fr

< k�1

reh

< k�1

kd

, where k�1

reh

is the scale that en-
ters the horizon at T = T

reh

. This means that the free
streaming scale enters the horizon during SD and that
kinetic decoupling occurs during RD. The large hierar-
chy between k�1

fr

and k�1

kd

can be obtained when M is big
enough while the elastic scattering is mediated by a field
much lighter than DM. In this case, the freeze-out abun-
dance also could be large, but the subsequent dilution by
entropy injection from the scalar decay can provide the
correct amount of the present DM density [16, 17]. For

WIMP, we find

k�1

kd

= 0.86
10MeV

T
kd

⇣ g⇤s
10.75

⌘
1/3

✓
10.75

g⇤

◆
1/2

pc , (18)

k�1

reh

= k�1

kd

T
kd

T
reh

, (19)

k�1

fr

=

Z t0

tkd

dt

a
cs ⇡ k�1

kd

r
T
kd

M
log

✓
T
kd

T
eq

◆
, (20)

where g⇤s is the e↵ective number of light species for en-
tropy and T

eq

= O(eV) is the temperature at matter-
radiation equality.
In Figure 2, we show the evolution � for each species

on three di↵erent scales. During SD, the perturbations
are adiabatic on super-horizon scales since both radiation
and DM are produced from a single source �, which set
the initial values of perturbations as ��(ai) = 2�r(ai) =
�2�i and �m(ai) ⇡ M�r(ai)/(4Ti), with Ti being deter-
mined from ⇢r(ai). During the transition from SD to RD,
� rescales from �i to 10�i/9 on super-horizon scales and
accordingly �r changes from ��i to �2(10/9)�i. Mean-
while, at early times when DM is in thermal (chemical)
equilibrium, �m / a3/8 and is reduced to �5�i/3 during
RD which follows the adiabatic condition �m = 3�r/4.
While for modes which enter the horizon after ki-

netic decoupling (k�1

kd

< k�1), �r oscillates and �m
grows logarithmically as shown in the left panel of Fig-
ure 2, for the modes which enter before kinetic decoupling
(k�1

reh

< k�1 < k�1

kd

) �m oscillates together with �r and is
damped, which is known as collisional damping. The
non-vanishing sub-horizon entropy perturbation appears
due to the damping of �m as shown in the middle panel
of Figure 2
An interesting feature happens for modes which enter

the horizon during SD, but after the free streaming scale
enters (k�1

fr

< k�1 < k�1

reh

) as in the right panel of Fig-
ure 2. During the transition from SD to RD, �m does not
follow �r, and the isocurvature perturbation is generated.
In this period, DM is no longer produced after chemical
freeze-out and the number density is frozen while radi-
ation is still being produced from �. The continuous
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a small velocity dispersion at z=zc

Ultra Compact Mini Halo (UCMH) : 
Non-baryonic Massive compact halo object 

Torsten Bringmann, University of Hamburg !Thermal decoupling of WIMPs

Survival of microhalos

12

N-body simulations can 
follow evolution until z~26

General expectation afterwards: tidal disruption 
important, but compact core should survive...

...though prospects might be much worse.

Details not well understood and still under debate,
more input from simulations needed!

Diemand, Moore & Stadel, Nature ’05

(for field halos and adopting a special multi-scale 
technique)

Berezinsky et al., PRD ’03, PRD ’08; Moore ’05, Diemand, Kuhlen & Madau ApJ 
’06; Green & Goodwin, MNRAS ’07, Goerdt et al., MNRAS ’07; ... 

Zhao et al., ApJ ’07

W = yi jLiHuNj + ⇤i jXNiNj (2069)

VF = ⇤i j⇤
⇥
klÑiÑjÑ
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2⇤ã + ⇤

2FX
(167)

S = s +
⌅
2⇤S̃ + ⇤

2FS

(168)

S̃ ã
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mÑ

⌅

(478)
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FIG. 6: Constraints on the allowed amplitude of primordial density (curvature) perturbations P� (PR) at all scales. Here we
give the combined best measurements of the power spectrum on large scales from the CMB, large scale structure, Lyman-↵
observations and other cosmological probes [152, 153, 156]. We also plot upper limits from gamma-ray and reionisation/CMB
searches for UCMHs, and primordial black holes [43]. For ease of reference, we also show the range of possible DM kinetic
decoupling scales for some indicative WIMPs [74]; for a particle model with a kinetic decoupling scale kKD, limits do not apply
at k > kKD. Note that for modes entering the horizon during matter domination, P� (but not PR) should be multiplied by a
further factor of 0.81.

to be n . 1.17. Since large-scale observations actually
put much stronger limits on the spectral index, we have
also considered the case of n = 0.968 ± 0.012, as ob-
tained by WMAP observations, and constrained the al-
lowed additional power below some small scale ks to be at
most a factor of ⇠10–12 (assuming a step-like enhance-
ment in the spectrum). As a third example, we have
obtained quasi-model-independent limits, of the order of
PR . 10�6, on perturbation spectra that can at least
locally be well described by a power law. We would like
to stress, however, that it is intrinsically impossible to
constrain primordial density fluctuations in a completely
model-independent way; one thus has to re-derive such
limits for any particular model of, e.g., inflation which
produces a spectrum that does not fall into one of these
classes. Here, we have provided all the necessary tools to
do so.

We have mentioned that present gravitational lens-
ing data cannot be used to constrain the abundance of
UCMHs – essentially because they are simply not point-
like enough, even in view of their highly dense and con-
centrated cores. Future missions making use of the light-
curve shape in lensing events, however, are likely to probe
or constrain their existence. This would be quite remark-
able as it would allow us to put limits on the power spec-
trum without relying on the WIMP hypothesis for DM.
Most of our formalism is readily extended, or can in fact
be directly applied to, such constraints arising from grav-
itational microlensing.

Finally, we have compiled an extensive list of the most

stringent limits on PR(k) that currently exist in the lit-
erature for the whole range of accessible scales, from the
horizon size today down to scales some 23 orders of mag-
nitude smaller. Direct and indirect observations of the
matter distribution on large scales – in particular galaxy
surveys and CMB observations – constrain the power
spectrum to be PR(k) ⇠ 2 ⇥ 10�9 on scales larger than
about 1Mpc. On sub-Mpc scales, on the other hand, only
upper limits exist. From the non-observation of PBH-
related e↵ects, one can infer PR . 10�2 � 10�1 on all
scales that we consider here. UCMHs are much more
abundant and thus result in considerably stronger con-
straints, PR . 10�6, down to the smallest scale at which
DM is expected to cluster (this depends on the nature of
the DM; for typical WIMPs like neutralino DM, e.g., it
falls into the range k�max ⇠ 8⇥ 104 � 3⇥ 107 Mpc�1).

It is worth recalling that the observational evidence
for a simple, nearly Harrison-Zel’dovich spectrum of den-
sity fluctuations is obtained by probing a relatively small
range of rather large scales. The limits we have provided
here will thus be very useful in constraining any model of
e.g. inflation, or phase transitions in the early Universe,
that predicts deviations from the most simple case and
which would result in more power on small scales.
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Conclusion

For small scale structures (sub pc) in WIMP dark matter scenario, the history 
of early universe and the detailed property of DM is important. 

The WIMP isocurvature perturbations provide the source of small scale 
structure for the scales that enter the horizon before kinetic decoupling. 

Low reheating temperature scenario can provide such (effective) initial 
isocurvature perturbations, so that the smaller scale objects, which are highly 
suppressed in standard cosmology, can be sizable : Proving early universe

In such a case, the UCMH, DM annihilation mediated by a light mediator, 
sizable elastic scattering to the nucleons can give the observable signature. 
 


